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Abstract 

We consider a nearest-neighbor p-adic Potts (with g > 2 spin values 



(N 
> 

' and couphng constant J G Qp) model on the Cay ley tree of order k > 1. 

, It is proved that a phase transition occurs at fc = 2, g £ pN and p > 3 

' (resp. q £ 2^N, p — 2). It is established that for p-adic Potts model at 

I _ . fc > 3 a phase transition may occur only at g G pN if p > 3 and q G 2^N 

ifp = 2. 

' Keywords: p-adic field, Potts model, Cayley tree, Gibbs measure, 

phase transition 
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1 Introduction 



The p-adic numbers were first introduced by the German mathematician K.Hensel. 
' For about a century after the discovery of p-adic numbers, they were mainly con- 

■ sidered objects of pure mathematics. However, numerous apphcations of these 

numbers to theoretical physics have been proposed papers [1-5] to quantum me- 
chanics [6], to p-adic - valued physical observables [6] and many others [7,8]. A 
number of p-adic models in physics cannot be described using ordinary prob- 
ability theory based on the Kolmogorov axioms [9]. New probability models - 
p-adic probability models were investigated in [8], [10]. 

In [11,12] a theory of stochastic processes with values in p-adic and more 
general non- Archimedean fields was developed , having probability distributions 
with non- Archimedean values. 

One of the basic branches of mathematics lying at the base of the theory of 
statistical mechanics is the theory of probability and stochastic processes. Since 
the theories of probability and stochastic processes in a non- Archimedean setting 
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have been introduced, it is natural to study problems of statistical mechanics 
in the context of the p-adic theory of probability. 

Many physical models are considered on Z"* and the Caylcy tree. The dif- 
ference between these two graphs is that the Cayley tree has the property that 
the number of neighbors visited in n steps grows exponentially with n. This is 
a faster rate of growth than n"^, no matter how large d is, so this tree is infinite 
dimensional. 

In this paper we develop the p-adic probability theory approach to study 
some statistical mechanics models on a Cayley tree over the field of p-adic 
numbers. In [13] the Potts model with q spin variables on the set of integers Z 
in the field of Qp was studied. It is known [14] that for the Potts model and even 
for arbitrary models on Z regardless of the interaction radius of the particles 
(over M) there are no phase transitions, here the phase transition means that for 
given Hamiltomian there are at least two Gibbs measures. In the case considered 
in [13] this pattern is destroyed, namely, there are some values q = q{p) for which 
phase transition occurs. 

In the present paper we consider p-adic Potts models ( with coupling constant 
J and q spin variables) on the Cayley tree of order k, k > 1. The aim of 
this paper is to investigate Gibbs measures for p-adic Potts model and phase 
transition problem for this model. The organization of this paper as follows. 

Section 2 is a mathematically preliminary. In section 3 we give a construction 
of Gibbs measure for the p-adic Potts model on the Cayley tree. In section 4 
we prove the existence of a phase transition for p-adic Potts model on Cayley 
tree of order two. In final section 5 we exhibit some conditions implying q on 
uniqueness of the Gibbs measure. 

2 Definitions and preliminary results 
2.1 p-adic numbers and measures 

Let Q be the field of rational numbers. Every rational number x ^ can be 

represented in the form x = — , where r, n S Z, m is a positive integer, 

TO 

(p, n) = 1, (p, to) = 1 and p is a fixed prime number. The p-adic norm of x is 
given by 

{p~^ for a; 7^ 
for a; = 0. 

This norm satisfies so called the strong triangle inequality 

\x + y\p < max{|x|p, |y|p}, 

this is a non- Archimedean norm. 

The completion of Q with respect to p-adic norm defines the p-adic field 
which is denoted by Qp. Any p-adic number x ^0 can be uniquely represented 
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in the form 

X=p^^''\xo+Xip + X2P^ + ...), (2.1) 

where 7 = 7(2;) e Z and Xj are integers, Q < Xj < p — 1, xq > Q, j = 0, 1, 2, ... 
(see more detail [7,15]). In this case \x\p = p^'''-^\ 

We recall that an integer a £ Z is called a quadratic residue modulo p if the 
equation x"^ = a(mod p) has a solution a; e Z. 

Lemma 2.1. [7] In order that the equation 

=a, 0^a= p^^°''^ {ao + aip+ ...), < < p - 1, ao > 

has a solution x G Qp, it is necessary and sufficient that the following conditions 
are fulfilled: 

i) 7(a) is even; 

a) ao ^5 a quadratic residue modulo p if p ^2, ai =02 = if p = 2. 

Let B{a,r) = {x € Qp : \x — a\p < r}, where a G Qp, r > 0. By log^ and 
expp we mean p-adic logarithm and exponential which are defined as series with 
the usual way (see, for more details [7]. The domain of converge for them are 
B{1,1) and B{0,p-'^/'-P-^'>) respectively.) 

Lemma 2.2. [7,15, 16] Let x e 5(0,^-^/(^-1)) then we have 

I expp(x)|p = 1, I expp(a;) - l|p = |a;|p < 1, | logp(l + a;)|p = |a;|p < p-V(p-i) 
and 

logp(expp(a;)) = x, expp(logp(l +x)) = l + x. 

Let (X, B) be a space, where B is an algebra of subsets X. A function 
jjL : B ^ Qp is said to be a p-adic measure if for any Ai, An C B such that 
Ai nAj = 0{i^ j) 

n n 

A p-adic measure is called a probaMlity measure if ij.{X) — I. A p-adic 
probability measure jj, is called bounded if sup{|yL((A)|p : A G B} < 00. 
For more detail information about p-adic measures we refer to [8], [10]. 

2.2 The Cayley tree 

The Cayley tree V'^ of order fc > 1 is an infinite tree, i.e., a graph without cycles, 
such that each vertex of which lies on fc + 1 edges . Let F*^ = (V, A), where V 
is the set of vertices of F*^, A is the set of edges of F'^. The vertices x and y are 
called nearest neighbor, which is denoted by / =< a;, y > if there exists an edge 
connecting them. A collection of the pairs < x,xi >,...,< Xd-i,y > is called 
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a path from x to y. The distance d{x, y),x,y & V ]s the length of the shortest 
path from a; to y in V. 
We set 

Wn = {x& V\d{x,x°) = n}, 

Vn = ^l,=iW^ = {2; e V\d{x,x'') < n}, 

Ln = {I =< X, y >e L\x, y e Vn}, 

for a fixed point £ V. 

We write a; < y if the path from to y goes through x. Call vertex y a 
direct successor of x if y > x and x, y are nearest neighbors. Denote by S{x) 
the set of direct successors, i.e. 

Six) = {ye Wn+i ■■ d{x, y) = l} xG W„, 

Observe that any vertex x ^ x° has k direct successors and has A; + 1. 

2.3 The p-adic Potts model 

Let Qp be the field of j>adic numbers. By Q^~^ we denote Qp x ... x Qp. The 

^ V ' 

q-l 

norm ||a;||p of an element x S Ql~^ is defined by ||a;||p = max {|a;i|p}, here 

l<i<g— 1 

X = {xi, Xg-i). By xy we mean the bilinear form on Q|~^ defined by 

q-l 

xy = ^Xiyi, x= {xi,---,Xq-i),y= {yi,- ■ ■ ,yq-i). 

i=l 

Let \1/ = {(7i, (72, CTg}, where cti, (72, are elements of Q|~^ such that 
ll^illp = 1, i = 1,2, ...,q and 

f 1 fori = 7 

forz/i (i,i = l,2,...,g-l), a, = ^c7,. (2.2) 
Let /i G Qp~^, then we have h = YliZl hiUi and 



hi, for i = 1,2, 1, 
Ei=i for i = g 



hai = { 'X-Ti ' (2-3) 



We consider the p-adic Potts model where spin takes values in the set ^. 
Write 0„ = this is the configuration space on Vn- The Hamiltonian 

Hn : 0n — * Qp of the p-adic Potts model has the form 

Hn{a) = -J ^''{xUiv), nen, (2.4) 

<x,y>eLn 

here a = {<j{x) : x £ Vn} G 0n, \J\p < p~^^'-P~^\ J ^ and as before p is a 
fixed prime number. Here 6 is the Kronecker symbol. 
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3 Construction of Gibbs measures 



In this section we give a construction of a special class of Gibbs measures for 
p-adic Potts models on the Cayley tree. 

To define Gibbs measure we need in the following 

Lemma 3.1. Let hx,x £ V he a Q'^^^-valued function such that ||/ix||p G 

B(0,p"^/(P-i)) for allxeV and J e B{0,p-'^/^P-^^). Then 

for any n G N. 

The proof easily follows from the strong triangle inequality for the norm | • \p. 

Let h : X G V ^ hx & Qp~^ be a function of a; € such that \\hx\\p < 
p-i/(p-i) for all X eV. Given n = 1, 2, ... consider ap-adic probability measure 

^(») on defined by 

/x(")K) = Z-iexpj,{-i?„K)+ hMx)}, (3.1) 

Here, as before, cr„ : x G ^ cr„(a;) and Z„ is the corresponding partition 
function: 

Note that according to Lemma 3.1 the measures /i*^") exist. 

The compatibility condition for /x(")(cr„), n > 1 are given by the equality 

where tr^"' = {a{x),x S Wn}- 

We note that an analog of the Kolmogorov extension theorem for distribu- 
tions can be proved for p-adic distributions given by (3.1) (see [12]). According 
to this theorem there exists a unique p-adic measure /ift, on = such that 
for every n = 1,2, ... and cr„ G \E'^" 

l^i^WWn = o-n}^ = /u("'(o-„). 

Hh will be called p-adic Gibbs measure for this Potts model. It is clear that the 
measure fXh depends on function h^- If the Gibbs measure for a given Hamilto- 
nian is non unique then we say that for this mock^l there is a phase transition. 

The following statement describes conditions on hx guaranteeing the com- 
patibility condition of measures ii^^^{crn)- 

Theorem 3.2. The measures /i("^(cr„), n = 1,2, ... satisfy the compatibility 
condition (3.2) if and only if for any x gV the following equation holds: 

yeS{x) 
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here and below 9 = expp(J) and the function : Q| ^ — > Q| ^ function is 
defined by F{h; 6, q) = {Fi{h] 6, q), Fq{h; 9, q)) with 



9-1 



Fi{h;0,q)= J2 Gj{h';9,q) i = l,...,q-l, 



9-1 



where h= {hi, ...,hq-i), h' = {h[,...,h'g_i) J2 hj, i = 1, ...,q - 1, 



Gi{hi,...,hg-i;9,q) = log 



{9 - 1) expp(/7.0 + J:]=1 cxpp(/i,) + 1 



J2jJiexpp{hj) + 9 



i = l,...,q-l. 

Proof. Necessity. According to the compatibility condition (3.2) we have 



'- <x,3/>eL„_i xeWn-1 



(3.4) 



It yields 



expp ( h^aix) j . 



xeWn 



(3.5) 



Prom this equality we find 



xeWn-i yes{x) <T(y)e* 



n n XI expp ( '^'^<^w,<T(j/)+/ij;o-(y) ) = n expp(/i^cr(x) 



xeWn 



(3.6) 

Now fix a; G W„-i. Dividing the equalities (3.6) with a{x) = Oi and with 
a{x) = Gq we obtain 



Using (2.3) the last equality can be rewritten as 



expp /ix((Ti-c7g) . (3.7) 



Erii exp, ( E|Ii„>.™ h^r) + (^ - 1) exp, ^ E|Ii,,^. /^^^^ ) + 1 

Eriiexp,fEIiU„/^i^^)+^ 



n 

j/es(x) 



-9-1 



-9-1 
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exp^( |j hiA, (3i 



here we have used the notation = {h^\---,h^x ^^)- Writing hx^ = 
Ti'jZljjti we immediately get (3.3) from (3.8). 

Sufficiency. Now assume that (3.3) is vahd, then it impHes (3.8), and hence 
(3.7). From (3.7) we obtain the following equality 

a{x) expp (hxdi] = J| ^ exp^ (j6„.^„^y^ + hya{y)j , i = l,2,...,q. 
This equality implies 

]J a{x) expp ( hx(j{x) 

n n 51 expp f J,5^(^)_„(j^) +/iycr(2/) ), i = l,2,...,q, (3.9) 

xeWn-i yes{x) <T{y)e^ ^ 



where 



/X \ at, z = x . - — 
a{z), z^x 



Writing An{x) = Uxew^ °'(^) from (3.9) and (3.2) 

Z„_iA„_i/z("-i)(a„_i) = Z„^/x(")(a„_i,a(")) 

Since each > 1 is a p-adic probability measure, we have 

J2 EM^"H^n-l,<x(")) = 1, M'"^^H^n-l) = 1. 

Therefore from these equalities we find Z„_i^„_i = Z„ which means that (3.2) 
holds. 

Observe that according to this Theorem the problem of describing of p-adic 
Gibbs measures reduces to the describing of solutions of the equation (3.3). 



4 The problem of phase transitions 

4.1 The existence of phase transition for the p-adic Potts 
model 

Write 

A = {h= {hx & Ql~^,x eV) : hx satisfies the equation (3.3)}. 

To prove the existence of phase transition it suffices to show that there are 
two different sets of vectors in A. The description of arbitrary elements of the 
set A is a complicated problem. 
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In this paper we restrict ourselves to the description of translation - invariant 
elements of A, in which — h is independent of x. 

Let hx = h = {hi, ...,hq-i) for all x €V. Then (3.3) implies 



expp(/ij) 



(6* - 1) expp{hi) + expp(/ij) + 1 



EIl!exp^(/i,) + e 



1,2,...,^-!. (4.1) 



Observe that for every i = l,2,...,q—lhi = satisfies i-th equation. Substitut- 
ing hj = at j = 2, 3, q—1 and writing z = expp(/ii) from the first equation 
of (4.1) 



z = 



ez + q-1 



Put 



^z + e + q-2^ 
A = 9z + q-l, B = z + 9 + q-2. 



Then by (4.2) 

B''{z -l) = {e- l){z - l)(A'=-i + A''-^B + ... + B'=-1). 
Hence if ^; ^ 1 



1){A''-^ + A^-'^B + ... + B"-'). 



k-l\ 



Using Lemma 2.2 it is easy to see that 



\B\. 



\A\2{ 



\B\2{ 



< -, if g GpN, 
P J3 > 3, 

= 1, if q^pn, 

< i, if g e pN, 
p p > 3, 

= 1, if g ^ pN, 

< i, if ge22N, 

= ^, if g e 2N\22N, P = 2- 
= 1, if g ^ 2N, 

< i if g e 22N, 

= \, if gG2N\22N, TP = '^- 



= 1, if g ^ 2N, 

Prom these inequalities we get 
1) If p = 2; g G 2N \ 2"^^ we have 



1 1 

> 



|^-1|2|A 



+ 5 



fe-ii 



< 



1 1 
4 ' 2^-1" 



(4.2) 



(4.3) 
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Here we have used the strong triangle inequality and \9 — 1|2 < - (see Lemma 
2.2). Prom the last inequalities we infer that the equation (4.3) has no solution. 

2) If p > 3, g ^ (resp. g ^ 2N if p = 2) then 

\B\p = \A\p = 1, \e- l^A""^ + - + B''~\ < ^- 

Hence in this case the equation (4.3) has no solution either. 

3) If p > 3, g G (rcsp. p = 2, q € 2^N) then it is easy to see that the 
equation (4.3) may have a solution. 

Thus we have proved the following 

Theorem 4.1. If p > 3, q G pN (resp. p ~ 2, q € 2'^N) then the equation 
(4-1) may has at least two solutions for every k > 1. 

According to Theorem 4.1 in the sequel we will assume that p > 3, q G pN 
(resp. p = 2, q € 2^N). Note, that in case of > 2 the problem of description 
of the solutions of (4.3) becomes difficult. For simplicity we restrict ourselves 
to the case k = 2. Then (4.3) has the form 

^2 + (261 -e'^ + 2q- 3)z + (q - if = 0. (4.4) 

Observe that the solution of (4.4) can be written by 

-{29 -e^ + 2q-3)±{0- 1)^/0^ - 20 + 5 - M . 
zi,2 = ^ • (4.5) 

We must check the existence of ^^/0^ — 20 + 5 — Aq and additionally the inequal- 
ity \zi^2 ^ l|p < p''^/^P~^^ which is equivalent to the condition \hx\p < p~^^^^~^h 

From \2q-{0-l)\ < p-V(p-i) we find \0-l\p < p-Vb-i) for every prime 
number p. It then follows from (4.5) that |zi_2 — l|p < p~^^^'''~^h 

Now we check the existence of sj {0 — 1)^ + 4(1 — q) . We use canonical form 
of p-adic numbers (2.1). 

1) Let p = 2. Then \0 - 1|2 = \ J\2 < ^, hence 0-1 = 2^e, 7 > 2, \e\2 = 1. 
According to our assumption q = 2^+'"s, m > 0, (s,2) = 1, whence we can 
write s = Y^\^q Ci2*, cq = 1, Cj € {0, 1}, i= 1,2, I. Hence we have 

{0 - if + 4(1 - g) = 2^ - 2^+^s + 2^^ = 
I 

= 2^(1 + ^(2 - 0^)2^+™+' + 22t-2£2). (4.6) 

i=0 

2) Let p = 3. Then q = 3"^s, (s,3) = l,m > 1, whence 4s = ELo 

60 = 1,2, bi e {0,l,2},i = Tj. The inequality \0 - Ija < implies that 
— 1 = 3'^e, 7 > 1, |e|3 = 1. Hence we get 

; 

(6» - 1)2 + 4(1 - g) = 1 + 3 + ^(3 - 6i)3"+' + 3^^. 

i=0 
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3) Let p > 5. Then q = p™s, {s,p) = l,m > 1, whence 4s = J2i=o^iP^' 
bo = 1, 2, ...,p- 1, 6. = 0, 1, ...,p- M = 1, 2, The inequality \e - 1|, < 1 
implies that 6 — 1 = p'^s, 7 > 1, \s\p = 1. Hence we get 

I 

{9 - 1)2 + 4(1 - g) = 4 + ^(p - bi)p^+' + p^-^e^. 

We can now check all conditions of Lemma 2.1: observe that the each case 
the first condition of Lemma 2.1 is fulfilled. It remains to check the second 
condition, i.e. the equation x'^ = ao(inod p) has solution x gZ. 

1) Let p ^ 2. In this case ao = 1, then it is easy to sec that the equation 
x"^ = l(mod 2) has solution x = 2N + 1, N £ Z. Besides it must be ai = 02 = 0. 
From (4.6) one can find that 

ai = a2 = if and only if either m = 0, 7 = 2 or m > 1, 7 > 2. 

Thus in this case for 2-adic Potts model a phase transition occurs. 

2) Let p = 3. In this case gq = 1, then it is not difficult to check that the 
equation x^ = l(mod 3) has the solution x = 3N + 1, N G Z. 

3) Let p > 5. In this case ao = 4, then x'^ = 2 (mod p) has the solution 
x=pN + 2, N eZ. 

Consequently wc have proved the following 

Theorem 4.2. i) Let p = 2,q G 2'^N and J ^ 0. Ifq = 2'^s, (.s,2) = 1, 
\J\2 = ^ or q = 2™s,m > 3,(s,2) = 1, \J\2 < - then there exists a phase 
transition for the 2-adic Potts model (2.4) on a Cayley tree of order 2. 

a) Let p > 3, q £ pN, and < \ J\p < - then there exists a phase transition 
for p-adic Potts model on a Cayley tree of order 2. 

Observe that ii q = 2 then the Potts model becomes the Ising model, so from 
this theorem and Theorem 4.1 we have the following 

Corollary 4.3. Let k > 1. Then for the p-adic Ising model on the Cayley 
tree of order k there is no phase transition. 

Conjecture. Let all conditions of Theorem, 4-2 be satisfied. Then there is a 
phase transition for the p-adic Potts model on the Cayley tree of order k {k > 3). 

Now we investigate when the p-adic Gibbs measure with the solutions (4.2) 
is bounded. 

Theorem 4.4. The p-adic Gibbs measure 11 for the p-adic Potts model on 
the Cayley tree of order k is bounded if q ^ pN, otherwise it is not bounded. 

Proof. To prove the assertion of theorem it suffices to show that the values 
of fi on cylindrical subsets are bounded. We estimate |/i'"^(cr„)|p: 



M^"^K)|p = 



expp{//"(o-„)} 



Ea„e0v„ '^xpp{ff(cr„)} 
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1 



if g ^ pN. Here 



Ea„e0v (exPp{^K)}-l) + g^ 



xeWn 



and /i* is a solution of (4.4), and we have used | expp{iJ(cr„)} — l|p < -. Note 
that /i* is a vector which has the form /i» = (/i, 0, 0). 



Write 



Pij = 



9-1 

ex.pp{J6ij +h*{i+j)) 
T,km e^Pp{Jhm + + m)) ' 



where i,j e {ai, ...,c7q_i}. 

To prove that the measure fi is not bounded at g € pN it is enough to show 
that its marginal (formdary) measure is not bounded. Let tt = {..., a;_i, xq, xi, ...} 
be an arbitrary infinite path in F*'. From (3.1) one can see that a marginal (for- 
mdary) measure fj,^ on has the form 



(4.7) 



here ujn '■ {x-n, xq, Xn} —>■ 4", i.e. aj„ is a configuration on {x-n, xq, x„}, 
Pi is an invariant vector for the matrix {pij)1j^i- 
Using (2.3) and the form of /i* we have 

\Pij\p 



expp( J + 2h) + iq-2) expp( J) + q E^,J,,^j exp^iK {i + j)) 

1 



2(expp(J + 2/i) - 1) + 2 + (g - 2) expp(J) + 9Ei,,-,i^i exPp(/i*(« + j)) 



> 



1 



(4.8) 

for all Here we have used Lemma 2.2 and \q\p < -. From (4.7) and (4.8) 

we find that /i,r is not bounded. Hence the theorem is proved. □ 

Corollary 4.5. The p-adic Gihhs measure /i corresponding to the p-adic 
Ising model on the Cayley tree of order k is bounded if p ^ 2, otherwise it is not 
hounded. 

Remark. From Theorems 4.2 and 4.4 we see that a phase transition occurs 

when p-adic Gibbs measures arc not bounded. For the p-adic Ising model we 
know that a phase transition does not occur, so corollary 4.5 implies that if 
p = 2 even in this case the p-adic Gibbs measure may not be bounded. 
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4.2 The uniqueness of Gibbs measure for the p-adic Potts 
model 



If (7 e pN then the equation (4.3) may have two solutions. But thus remains 
the case q ^ pN and a question naturally arises: is there a phase transition in 
this case or not? In this section we will prove the uniqueness of p-adic Gibbs 
measure for the p-adic Potts model in that case. 
Let us first prove some technical results. 

Lemma 4.6. If \ai — l|p < M and \ai\p = 1, i = 1, 2, ...,n, then 



1 



< M. 



(4.9) 



Proof. We prove this by induction on n. The case n = 1 is nothing but the 
condition of lemma. Suppose that (4.9) is valid for n = m. Now let n = to + 1. 
Then we have 



m+l 



m+1 



i=l 



i=l 



i=l 



< 



rn 




m 




Y[ai{am+i - 1) 




l[ai-l 


} 


i=l 


p 


i=l 





This completes the proof. 



□ 
1 



Lemma 4.7. Let Ui = Y\ ^^Ppihj), where h = (/ii, /ig_i), < 



then \ui\p = 1 and 



\Ui - l\p < 



for all z = 1, g — 1. 

Proof. From Lemma 2.2 we infer that |?i,;|p = 1, since | expp(/ii) — l|p < — 
and I expp(/ij)|p = 1. So all conditions of Lemma 4.6 are satisfied, hence we get 



Write (see Theorem 3.3) 
Ui{h,9,q) = exp^{F{h,9,q))= JJ " 



.7 = 1 



i=i,j¥» 



(4.10) 



where i = 1, ...,q — 1. For brevity we use Ui instead of Ui{h, 6, q). 
Lemma 4.8. Let q ^ pN, then \Ui\p = 1 and 



\Ui - l\p < -\\h\\p for i = l,2,...,q-l 



(4.11) 
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Proof. Put 

We compute the norm of Ki. Prom |^ — l|p < -, \q\p = 1 and Lemma 4.7 we 
obtain 



E':iK-i) + (e-i) + 9 



= 1. 



Here we have used the strong triangle property of the norm | • |p. Observe that 

9-1 

Ui ~ n ^j' hence \Ui\p = 1. 
Now estimate \Ki — IL: 



\Ki-l\p 



{e-i)iu,-i) 



E?ii(%-i) + (^-i) + 9 



< -\\h\\p. 



Consequently, we find that the conditions of Lemma 4.6 are satisfied for Ki, 
i = 1,2, ...,q — 1, whence (4. 11). The lemma is proved. 
Wtite 

RiiK,e,q)= H Ui{hy,e,q), xGV. (4.12) 

Using Lemmas 4.6 and 4.8 one proves the following 
Lemma 4.9. Let q ^ pN, then 

\Ri{K,0,q)-l\p<- max \\hy\\p. 

p ves(x) 

Corollary 4.10. Let q ^ pN, then 

\\h,\\p<l max xeV. (4.13) 



Proof. From (3.7) and (4.12) one can see that expp(/i?) = Ri{hx,0,q). 
Hence using Lemma 2.2 and Lemma 4.9 we infer that 

= \Ri{hx,6,q) - l|p < - max \\hy\\p, 
p ves{x) 

whence (4.13). □ 



Now we can formulate the main result of this subsection. 

Theorem 4.11. Let k > 1 and q ^ pN, \J\p < - and p be any prime 

number. Then for the p-adic Potts model (2.4) on the Cayley tree of order k 
there is no phase transition. 
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Proof. To prove it enough to show that A = {hx = 0}. In order to do this 
we will show that for arbitrary e > and every x £V we have \\hx\\p < s ■ Let 

no S N be such that < e. According to Corollary 4.10 we have 

\\hx\\p < ^\\hxj\p < 
1 1 1 

- '^W'^^io.'l lip ^ ■ ■ ■ ^ pno-1 ll"'^*0.- ■.'ino-2 lip - ^ ^ ^' 

here Xi„^,,,^i^j, j = 1, 2, fc arc direct successors of Xig^,,,^i^, where \\hxi^ ||p = 
max {ll/ij;. . A\p}- This completes the proof. □ 

l<j<k O' - ' m-li 

Remark. If q ^ pN then theorem 4.4 says that the p-adic Gibbs measure 
corresponding to the Potts model is bounded, hence by Theorem 4.11 we see 
that in this case there is only bounded p-adic Gibbs measure for the p-adic Potts 
model. 
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